Symmetries, Isometries and Length Spectraof Closed Hyperbolic 3-ManifoldsCraig D. HodgsonDepartment of MathematicsUniversity of MelbourneParkville, Victoria 3052Australiacdh@mundoe.maths.mu.oz.auJeffrey R. WeeksThe Geometry Center1300 South Second StreetMinneapolis, MN 55454USAweeks@geom.umn.eduABSTRACTPreviously known algorithms for computing the symmetry group of acusped hyperbolic 3-manifold and testing whether two cusped hyperbolic3-manifolds are isometric do not apply directly to closed manifolds. Butby drilling out geodesics from closed manifolds we may compute theirsymmetry groups and test for isometries using the cusped manifoldtechniques. To do so, we must know precisely how many geodesics of agiven length the closed manifold has. This article proves the propositionsneeded to rigorously compute a length spectrum, with multiplicities, andgoes on to tabulate the symmetry groups of the smallest known closedhyperbolic 3-manifolds.Keywords: hyperbolic 3-manifold, length spectrum, symmetry, isometry.0. Introduction. A canonical cell decomposition underlies algorithms fordeciding whether two cusped hyperbolic 3-manifolds are isometric [HiW],and for computing the symmetry group of a cusped hyperbolic 3-manifold[HeW]. The canonical cell decomposition depends on a convex hullconstruction in Minkowski space [EP, W, SW]. That construction makesessential use of a manifold’s cusps, and does not generalize directly to closedmanifolds. Fortunately we can transfer questions about closed manifolds to questions about cusped manifolds by looking at the complement of a set ofnonintersecting closed geodesics.Notation. Throughout this article, M denotes a finite-volume hyperbolic3-manifold. In this Introduction we further assumed that M is closed. Wedo not assume M is orientable, because our results, as well as the results wequote from [K] and [S], apply equally well to nonorientable manifolds.Definition. A geodesic link L is a finite set of closed geodesics in M.Definition. A geodesic link L is simple iff its constituent geodesics do notintersect themselves or each other.Proposition 0.1 (Sakai [S]). If L is a simple geodesic link in M, then itscomplement M - L admits a complete hyperbolic structure of finite volume.Definition. A geodesic link L is complete iff whenever it contains onegeodesic of a given length, it contains all geodesics of that length. That is,for any two closed geodesics g and g’ in M, if g ˛ L and length(g) =length(g’), then g’ ˛ L.Proposition 0.2 (Kojima [K]). If L is a complete simple geodesic link in aclosed hyperbolic 3-manifold M, then Isom(M) is naturally isomorphic to thesubgroup of Isom(M - L) consisting of symmetries which take meridians tomeridians (i.e. symmetries which extend to M).Proof. Follows immediately from Lemma 5 and Proposition 6 of [K]. Thebasic idea is that a symmetry of M must preserve the geodesic link L, andtherefore restricts to a homeomorphism of M - L to itself. By Mostowrigidity, the homeomorphism is homotopic to an isometry. Q.E.D.Proposition 0.2 lies at the heart of our method for computingsymmetry groups of closed manifolds. Given a closed manifold M, we drillout a complete simple geodesic link L, compute the symmetry groupIsom(M˚-˚L) of its complement using the canonical cell decompositionmentioned above, and then take the subgroup of Isom(M˚-˚L) which sendsmeridians to meridians. Section 1 addresses the question of how we find acomplete simple geodesic link, and Section 2 tabulates the symmetry groupsof the ten smallest known hyperbolic 3-manifolds.A similar technique lets us test whether two closed hyperbolic3-manifolds M and M’ are isometric: we drill all the geodesics of a givenlength out of both M and M’, and then use canonical decompositions to check whether M˚-˚L and M’˚-˚L’ are isometric by a meridian-preservingisometry.The computer program SnapPea implements the above algorithms, aswell as other algorithms for creating and studying hyperbolic 3-manifolds.It is available free of charge by anonymous ftp from geom.umn.edu, or on aMacintosh diskette from the second-named author.1. Length spectra. For over a year now the computer program SnapPea hashad the ability to drill closed geodesics from hyperbolic 3-manifolds. Onecould use it informally to compute a closed manifold’s symmetry group. Theproblem was that the results weren’t rigorous. The drilling program seesonly the geodesics which lie in the dual 1-skeleton of the given triangulation:one can usually find any geodesic one wants to drill out (perhaps afterchanging the triangulation), but from the standpoint of rigor this isunsatisfactory because one is never entirely sure of what geodesics may bemissing. If the geodesic link L (defined above) is not complete, then thecomputed symmetry group will be a subgroup of the true symmetry group,namely the subgroup which fixes the (incomplete) link L.To make the technique rigorous, we need to know how manygeodesics of a given length appear in M. In other words, we need a lengthspectrum with multiplicities. The remainder of this section explainsSnapPea’s new algorithm for rigorously computing such a length spectrum.The key idea is to begin with a Dirichlet domain for M.Notation. Throughout this section M may be any finite-volume hyperbolic3-manifold or 3-orbifold.Notation. Let D be a Dirichlet domain for M with basepoint x. A typicaltranslate of D will be denoted gD, where g is an isometry in the group ofcovering transformations. If M is an orbifold, the basepoint x must not lie inthe singular set.We’ll tile an approximate ball in H3 with translates gD of D. Eachprimitive hyperbolic or loxodromic isometry g corresponds to a translationalong a geodesic, perhaps followed by a rotation or reflection which fixesthe geodesic pointwise. If g is orientation-preserving and is given as amatrix in PSL(2,C), then the trace of the matrix determines the complexlength of the geodesic (cf. [B], ⁄4.3). If g is orientation-reversing, then asimilar technique applies, only now the Minkowski space model of H3 ismore convenient and we use matrices in SO(3,1). Let’s take a quick look atthe mathematics of orientation-reversing isometries before continuing withthe discussion of length spectra.

Proposition 1.1. Each orientation-reversing isometry of H3 is a reflection ina plane, followed by an orientation-preserving isometry which fixes thatplane (setwise, not pointwise!).Sketch of proof. Classify the orientation-reversing isometries of H3according to whether they do or do not have a fixed point in the interior ofH3, and then for the ones which do not, classify them further according towhether they have 1, 2 or infinitely many fixed points on the sphere atinfinity. Q.E.D.Definition. An orientation-reversing isometry of H3 is elliptic, parabolic orhyperbolic iff it factors as a reflection in a plane, followed by an orientation-preserving elliptic, parabolic or hyperbolic isometry, respectively, whichfixes that plane (setwise).Comments.(1)Orientation-reversing hyperbolic isometries are glide reflections.(2)Orientation-reversing loxodromics do not exist.(3)A simple reflection in a plane corresponds to the identity in theorientation-preserving case. So it may be considered a degenerateelliptic, parabolic or hyperbolic isometry.Proposition 1.2. Orientation-reversing isometries have traces in SO(3,1) asfollows:elliptic2 cosh(iq) = 2 cos(q)parabolic2hyperbolic2 cosh(length)Sketch of proof. Follows from the classification of orientation-reversingisometries alluded to in the proof of Proposition 1.1. The trace is aconjugacy invariant, so we compute it in the simplest coordinate system wecan find for each type of isometry. Q.E.D.Corollary 1.3. An orientation-reversing isometry of H3 is elliptic,parabolic, or hyperbolic according to whether the trace of its matrix inSO(3,1) is less than, equal to, or greater than 2. If it’s elliptic, the rotationangle is cos-1(trace/2). If it’s hyperbolic, the glide reflection translates adistance cosh-1(trace/2) along its axis.Proof. Follows immediately from Proposition 1.2. Q.E.D.

We now return to the discussion of length spectra. We’d like to findall translates gD of D which move the basepoint x a distance less than somegiven distance s, i.e. we’d like to find all gD such that d(x, gx) < s. Thesimplest algorithm is to start with D and recursively attach its neighbors,stopping the recursion when we reach translates gD which move thebasepoint a distance greater than s, i.e. when d(x, gx) > s. For an arbitraryfundamental domain (not necessarily a Dirichlet domain) with an arbitrarybasepoint, this algorithm might fail: there could be a translate moving thebasepoint a distance less than s, all of whose neighbors move the basepoint adistance greater than s. The simple recursive algorithm would not find sucha translate. Fortunately this cannot occur for a Dirichlet domain.Proposition 1.4. Let D be a Dirichlet domain with basepoint x, and let gDbe a translate of D such that for all neighbors hD of gD, d(x, hx) ‡ d(x, gx).Then g is the identity.Proof. For each neighbor hD of gD, the inequality d(x, hx) ‡ d(x, gx)implies that x lies in the halfspace Hh consisting of points closer to gx thanhx. But gD is the intersection of all such Hh, so x must lie in gD. ThereforegD = D. Q.E.D.If we want to find all geodesics of length at most l, to what radius smust we tile H3? The answer to this question depends not only on l, butalso on the size of the Dirichlet domain. The relevant measure of theDirichlet domain’s size is its "spine radius", defined below. Proposition 1.5provides a practical means of computing the spine radius. Proposition 1.6then expresses the required tiling radius s in terms of the spine radius r andcutoff length l.The Dirichlet domain D, with faces identified, defines a celldecomposition K for M. Let K’ be a cell decomposition dual to K. The3-cells of K’ are in one-to-one correspondence with the vertices of K. If M isa manifold, each 3-cell of K’ will be either a topological ball (if thecorresponding vertex of K is finite) or a topological torus or Klein bottlecross a half line (if the corresponding vertex of K is ideal). If M is anorbifold, a 3-cell dual to a finite vertex may be a cone on any spherical2-orbifold, and a 3-cell dual to an infinite vertex may be any Euclidean2-orbifold cross a half line. We know the 3-cells must take this form,because the singular set (if any) must be contained in the Dirichlet domain’sboundary (this follows from our assumption that the basepoint x not lie inthe singular set). The essential point is that no geodesic may lie entirely in asingle 3-cell of K’. It must intersect the 2-skeleton of K’.

Definition. Let K’ be a dual cell decomposition as defined in the precedingparagraph. Its 2-skeleton is a spine dual to the Dirichlet domain.Definition. The radius of a spine dual to the Dirichlet domain is themaximum distance from a point in the spine to the basepoint.Definition. A Dirichlet domain’s spine radius is the infimum of the radii ofall spines dual to the Dirichlet domain.Definition (local to Proposition 1.5). The "maximin" edge distance is themaximum over all the Dirichlet domain’s edges of the minimum distancefrom the edge to the basepoint x.Proposition 1.5. The spine radius may be computed as the maximin edgedistance.Proof. Any spine dual to the Dirichlet domain must intersect every edge, sothe spine radius is greater than or equal to the maximin edge distance. Itremains to show that for any e greater than zero, we can construct a spinewhose radius is within e of the maximin edge distance. Carry out thefollowing construction in the Dirichlet domain D (not the space M obtainedby identifying faces).Step 1.On each edge, mark the point closest to the basepoint. If that pointis at an endpoint, displace it a distance e into the interior of theedge. Note that(a)the edge identifications respect the marked points, and(b)the marked points all lie within the maximin edge distanceplus e of the basepoint.Step 2.On each face, mark the point closest to the basepoint. If that pointis on the boundary, displace it a distance e into the interior of theface (towards the center, say). Note that(a)the face identifications respect the marked points, and(b)the marked points all lie within the maximin edge distanceplus e of the basepoint.Step 3.Draw lines from the marked point in the interior of each face to themarked points on the incident edges. Note that(a)the face identifications respect the lines, and(b)the lines all lie within the maximin edge distance plus e of thebasepoint.

Step 4.Cone the complex created in steps (1), (2) and (3) to the basepoint.This gives a spine which is dual to the Dirichlet domain and lieswithin the maximin edge distance plus e of the basepoint.Q.E.D.Comment. The spine radius is finite even for Dirichlet domains of cuspedmanifolds, whose radius is infinite. The techniques of this section work tocompute length spectra for cusped manifolds as well as closed ones.Performance enhancement. In actual practice SnapPea removes certain2-cells from the spine to reduce its radius without compromising the fact thatevery geodesic must intersect it, but this modification does not affect thebasic theory.Notation. For the remainder of this section, let r be the spine radius of theDirichlet domain D.xPgPgxSDgD£r£ l£rgFigure 1.1. The distance from x to gx is at most r + l + r.

Proposition 1.6.1. To find all closed geodesics of length at most l, itsuffices to find all translates gD satisfying d(x, gx) £ l + 2r.Proof. For each closed geodesic g of length at most l, we must find acovering transformation g whose axis is a preimage of the geodesic g andwhich satisfies d(x, gx) < l + 2r.Choose e > 0, and construct a spine S of D with radius at most r + e.(See Figure 1.1.) The geodesic g must intersect the spine S at some point P,since otherwise g would be contractible (or perhaps boundary parallel if Mhas cusps). Let g be the covering transformation corresponding to a lift of gbased at P. Then d(P, gP) = length(g), and d(x, gx) £ d(x, P) + d(P, gP) +d(gP, gx) £ (r + e) + l + (r + e) = l + 2r + 2e. Let e go to zero to obtain d(x,gx) £ l + 2r. Q.E.D.QxgQgxDgD£r£ l/2MFigure 1.2. The distance from x to gx is at most 2 cosh-1(cosh(r) cosh(l/2)).With a little extra care, we can improve on the estimate of l + 2r.

Proposition 1.6.2. To find all closed geodesics of length at most l, itsuffices to find all translates gD satisfying d(x, gx) £ 2 cosh-1(cosh(r)cosh(l/2)).Proof. The proof is the same as that of Proposition 1.6.1, except instead ofusing a point P where g intersects the spine, we use a point Q at which thedistance from g to the basepoint x is a minimum. (See Figure 1.2.) For allchoices of e and S we have d(x, Q) £ d(x, P) £ r + e, so d(x, Q) £ r. Theadvantage of using Q instead of P is that the segment from x to Q isorthogonal to the geodesic g. If we let M be the midpoint of the segmentfrom Q to gQ we can use hyperbolic trigonometry to bound the distancefrom x to M as d(x, M) £ cosh-1(cosh(r) cosh(l/2)). The distance from x togx will be at most twice that. Q.E.D.Comment. Empirical tests show that for small manifolds the lengthspectrum computation runs about five times faster with the bound fromProposition 1.6.2 than with the bound from Proposition 1.6.1. Theoreticalestimates predict that as r and l go to infinity, the run-time differenceapproaches a factor of 16.Proposition 1.6.2 tells us how to find group elements corresponding toall geodesics of length at most l. But different groups elements may beconjugate to one another and correspond to the same geodesic. To find alength spectrum with correct multiplicities, we must find precisely one groupelement in each conjugacy class.Definition (local to the following algorithm).(1)The big list is the complete set of group elements g satisfying d(x, gx) £2 cosh-1(cosh(r) cosh(l/2)).(2)The small list is a subset of the big list. Initially it equals the big list,but as the algorithm progresses we remove elements until precisely oneelement of each conjugacy class remains.Algorithm. A four-part algorithm computes the small list from the big list:(1)Remove group elements whose corresponding "geodesics" have lengthzero. If M is a manifold these will all be parabolics, but if M is anorbifold elliptics may also occur. Also remove group elements oflength greater than l.

(2)Remove group elements whose axes don’t pass within a distance r of thebasepoint. (Every geodesic must intersect a spine of radius r + e, for alle > 0, so we are sure to retain at least one element in every conjugacyclass.)(3)Remove group elements which are powers of other groups elements.We aren’t interested in a "geodesic" which is just a shorter geodesictraversed twice.(4)Check which of the elements remaining on the small list are conjugateto one another. Proposition 1.7 insures that if two elements of the smalllist are conjugate to each other, the conjugacy is realized by an elementfrom the big list. That is, if two elements g1 and g2 on the small list areconjugate, there exists an element h on the big list such thatg1˚=˚h˚g2˚h-1. Keep precisely one element corresponding to eachgeodesic, and discard its conjugates, its inverse, and the conjugates ofits inverse. (In a manifold an element and its inverse will be in differentconjugacy classes, but in an orbifold they may be in the same conjugacyclass, in which case the geodesic is topologically a mirrored intervalrather than a circle.)The small list now yields a length spectrum with correct multiplicities.

hQ1hxQ2xDhD£r£ l/2£rQ1A 1A 2Figure 1.3. The distance from x to hx is at most 2 cosh-1(cosh(r) cosh(l/4)).Proposition 1.7. If g1 and g2 are conjugate group elements corresponding toa geodesic of length at most l, and both their axes pass within a distance r ofthe basepoint, then there is a group element h such that(1) g1 = h g2 h-1 and(2) d(x, hx) £ 2 cosh-1(cosh(r) cosh(l/4)).Proof. Let Ai be the axis of gi, and Qi be the point on Ai closest to thebasepoint x. (See Figure 1.3.) There are infinitely many coveringtransformations taking A1 to A2; let h be one which minimizes the distancefrom hQ1 to Q2. Because the length of the underlying geodesic is at most l,the distance from hQ1 to Q2 is at most l/2 (it’s l/2 and not l because if l/2< d(hQ1, Q2) < l then you’ve got the wrong h � you need to consider an hwhich takes Q1 to a point on the other side of Q2). Imitate the proof ofProposition 1.6.2 to get the desired bound d(x, hx) £2˚cosh-1(cosh(r)˚cosh(l/4)). Q.E.D.

Comment. The bound on d(x, hx) in Proposition 1.7 is less than the boundon d(x, gx) in Proposition 1.6.2. This implies that the big list contains all theconjugating matrices we could possibly need in Step 4 of the abovealgorithm.This concludes the discussion of the algorithm for rigorouslycomputing a length spectrum with multiplicities.2. Examples. Knowing the lengths and multiplicities of the shortestgeodesics, we may now apply the technique outlined in the introduction tocompute the symmetry groups of the smallest known closed hyperbolic3-manifolds. These manifolds are part of a census of closed hyperbolic3-manifolds which was obtained by Dehn filling on a census of cuspedhyperbolic 3-manifolds [HiW]. A full report on the census of closedmanifolds will appear in [HoW].Table 1 below gives a symmetric surgery description for eachmanifold, and lists the manifold’s volume, Chern-Simons invariant(mod˚1/2), first homology group, symmetry group, and length spectrum to l= 2.0. All the smallest known hyperbolic 3-manifolds are orientable.Table 2 provides examples of closed nonorientable hyperbolic3-manifolds. Unlike the manifolds in Table 1, which come from extensiveand careful computer searches, the nonorientable manifolds in Table 2 comefrom a quick preliminary search for closed nonorientable manifolds. Yettwo observations are striking. First, the smallest closed nonorientablemanifold we have found has volume 2.0298�. Why should it be so muchlarger than both the smallest known closed orientable manifold (volume0.9427�) and the smallest known cusped nonorientable manifold (volume1.0149�) ? Second, most of the low-volume closed nonorientablemanifolds we found have the same volumes as the 1-cusp manifoldsobtained by Dehn filling one component of the Whitehead link complement.It turns out that these manifolds are obtainable as Dehn fillings on anapparent mutant of the Whitehead link complement. The mutant (denotedWLM in Table 2) has an orientable cusp � thereby allowing an infinitenumber of distinct Dehn fillings � even though the manifold as a whole isnonorientable. Not only do the volumes of the closed manifolds obtained byDehn filling on WLM coincide with the volumes of the cusped manifoldsobtained by Dehn filling (one cusp of) the Whitehead link complement, thecomplex lengths of the surgery curves also coincide exactly. The authorsplan to discuss WLM at greater length in [HoW].Comment. E. Moln�r computes the symmetry group of the closed manifoldof volume 0.94� as the group of outer automorphisms of its fundamental group [M]. He finds it to be Z2 · D3 » D6 in agreement with SnapPea’scalculation.Extended comment. Negatively oriented tetrahedra. The algorithm fordrilling out closed geodesics may sometimes drill out a set L’ of simpleclosed curves which is homotopic but not isotopic to the intended geodesiclink L. In these cases the computed symmetry group will be a subgroup ofthe true symmetry group. Roughly speaking, every symmetry of M˚-˚L’which preserves meridians on the boundary extends to a symmetry of M, butnot every symmetry of M restricts to a symmetry of M˚-˚L’. More precisely,we have the following proposition.Proposition 2.1. If L’ is a set of nonintersecting (not necessarily geodesic)simple closed curves in M, and M˚-˚L’ is hyperbolic, then the subgroup ofIsom(M˚-˚L’) which sends meridians to meridians injects naturally intoIsom(M).Proof. This follows from an observation of Sakuma, quoted in the proof ofProposition 6 in [K]. Borel’s theorem (see [CR]) states that if G is a finitegroup acting effectively on a closed aspherical manifold M and p1(M) hastrivial center, then the induced homomorphism from G to Out p1(M) isinjective. So let G be the subgroup of Isom(M˚-˚L’) which sends meridiansto meridians, and then apply Mostow rigidity to equate Out p1(M) withIsom(M). Q.E.D.According to Thurston’s theory of hyperbolic Dehn filling ([Th], Ch. 4), ifwe can recover the hyperbolic structure on M as the metric completion of anincomplete hyperbolic structure on M˚-˚L’ triangulated by positively orientedideal tetrahedra, then the link L’ must be isotopic to a geodesic link L. Sowhenever SnapPea finds a solution with all positively oriented tetrahedra,we know we have drilled out the intended geodesic link L, and we mayapply Proposition 0.2 to compute the symmetry group of M. But when thesolution contains negatively oriented tetrahedra, we can’t be sure whether thelink L’ is isotopic to a geodesic link L or not. The best we can do is applyProposition 2.1 to compute a group which may be either Isom(M) or a propersubgroup of Isom(M). Fortunately solutions with all positively orientedtetrahedra may be found for the vast majority of closed manifolds, and inthese cases the symmetry groups may be computed exactly.The only low-volume manifolds for which the authors have failed tofind a hyperbolic Dehn filling with all positively oriented tetrahedra are themanifolds of volume 0.94�, 1.01� and 1.26�. For example, if M is themanifold of volume 0.94� and L is the set of three geodesics of length0.58�, then we obtain the surgery diagram shown in Table 1, which suggests the symmetry group of M is D6. But the Dehn filling on M˚-˚Lcreates negatively oriented tetrahedra (in the given triangulation), so thisevidence suffices only to conclude that the symmetry group contains D6, notthat the symmetry group is D6. Fortunately the following additionalevidence shows rigorously that the symmetry group really is D6. If we drillout a single curve g of length 0.58�, we get a description of M as a Dehnfilling on a 1-cusp manifold. In this case the hyperbolic Dehn filling keepsall tetrahedra positively oriented, so we know the curve we drilled out isisotopic to the geodesic g. We apply Proposition 2.2 to conclude that thegroup of symmetries of M fixing g is isomorphic to the subgroup ofIsom(M˚-˚g) which preserves meridians. SnapPea computes the latter groupto be D2. We also know that M contains precisely three geodesics of length0.58�. It follows that the full symmetry group of M can have at most 3 · 4= 12 elements. Therefore the symmetry group of M is exactly D6.Similar evidence shows that the symmetry group of the manifold ofvolume 1.26� is exactly D4.All known surgery descriptions for the manifold of volume 1.01�involve negatively oriented tetrahedra, so here we used an ad hoc techniqueto verify the symmetry group computation. We computed a fundamentaldomain for this manifold and then manually drilled out the unique geodesicof length 1.31� (the old-fashioned way, with pencil and paper) to check thatits complement was the same as the one SnapPea had found.Proposition 2.2 (Kojima [K]). If L is a (not necessarily complete) simplegeodesic link in a closed hyperbolic 3-manifold M, then the subgroup ofIsom(M) which preserves L is naturally isomorphic to the subgroup ofIsom(M˚-˚L) which takes meridians to meridians.Proof. This proposition is a generalization of Proposition 0.2. The prooffollows immediately from Lemma 5 and Proposition 6 of [K]. Q.E.D.Table 1. The ten smallest known closed hyperbolic 3-manifolds. Eachsurgery description embodies the manifold’s full symmetry group; thelengths of the core curves are marked with asterisks in the accompanyinglength spectrum. The Chern-Simons invariant is given mod 1/2. Thesymbol Dn denotes the dihedral group of order 2n. The length spectra werecomputed to l = 2.0. On a Macintosh SE/30 each length spectrumcomputation took about 30 seconds. The other computations were almostinstantaneous.#1

(-3, 2)(-3, 2)(-3, 2)vol= 0.942707362776928CS= 0.060043066678727H1= Z5 + Z5Isom= D6length spectrum:multiplicitylengthtorsion30.5846036850179870+i 2.4953704555604684*30.7941346629918657-i 2.304856816743471231.2898511615162902 +i 2.4839246176639380#2(5, 1) vol= 0.981368828892232CS= 0.077038180263770H1= Z5Isom= D2length spectrum:multiplicitylengthtorsion10.5780824355318555+i 2.132430636154178210.7215683663144467-i 1.1512129898755381*20.8894429972125508+i 2.941859047022737720.9983251885367372-i 2.921017785785312211.0403151250687664+i 0.982371890281206821.7938008425243408-i 1.556871048222609111.8222796995026176-i 2.4135390256883349#3

(2,1)(1,1)(1,1)(1,-1)(1,-1)(This surgery description displays only the orientation preservingsymmetries. To see the orientation reversing symmetries, do a fulltwist on the (2,1) component and take the mirror image.)vol= 1.014941606409654CS= 0.000000000000000H1= Z3 + Z6Isom= semidihedral of order 16length spectrum:multiplicitylengthtorsion20.8314429455293105-i 1.945530759503636720.8314429455293105+i 1.945530759503636720.8625546276620610-i 2.6806731878491248*20.8625546276620610+i 2.6806731878491248*11.3169578969248167+i 3.1415926535897932*21.9916523910494368-i 1.299532573068875821.9916523910494368+i 1.2995325730688758#4(5, -1)(5, -1)vol= 1.263709238658044CS= 0.114140655969370H1= Z5 + Z5Isom= D4length spectrum:multiplicitylengthtorsion20.5750785808501463+i 1.7453223490489995*20.6668359270289546-i 2.825033747475913141.1685811002431094+i 2.631059115718245521.8042180449094749-i 1.522347691146493321.8159868034200992+i 2.2362704849933792

#5(6, 1) vol= 1.284485300468354CS= 0.067931673479863H1= Z6Isom= D2length spectrum:multiplicitylengthtorsion10.4803118033850776-i 0.9337766566662489*10.7575722478871622+i 2.061746117617574421.1487060968062998+i 2.854905141183234311.2669264000810559+i 1.028087093391429721.3653169486199054-i 2.958840903024594411.4409354101552327-i 2.801329969998746611.5151444957743244-i 2.159693071944437611.5618887811062861+i 1.211073983901814611.9065758281061861-i 1.4536426123187809#6(1,2) vol= 1.398508884150807CS= -0.246607252650769H1= trivialIsom= D2length spectrum:multiplicitylengthtorsion10.3661307023464804+i 3.1135899402525185*10.9068955815336451+i 1.352222729073448711.0729359343958735-i 1.290487591059433621.4390666367423539+i 1.823102349193084921.6923383304376530-i 1.753851269525637711.7797411664452666+i 0.588620184808200811.9041599087594012-i 0.6237663509730675#7

(6,1) vol= 1.414061044165392CS= -0.076602066648576H1= Z6Isom= D2length spectrum:multiplicitylengthtorsion10.7941346629918657-i 2.304856816743471210.8435987229688855+i 1.407715442602953010.8539717590561439-i 0.8860692766020361*11.0895750721306458+i 1.701147516082715111.1895376734877818-i 2.754803291834054621.2328780837767570-i 2.961530656299391021.3518274333239401+i 2.715675361167521111.9623642391042593-i 0.6617663270266211#8(5, -1)(2, 1)vol= 1.414061044165392CS= -0.118268733315243H1= Z10Isom= D2length spectrum:multiplicitylengthtorsion10.3648946865259024-i 1.6282435124992135*10.8435987229688855+i 1.4077154426029530*20.8580212576166383-i 2.846675598817629520.9811821195521296+i 2.810709490076482711.1692073700359739-i 1.292444396058649711.7079435181122878+i 1.369454100385721011.8212713005129035-i 0.517947975980637521.8659841906480162+i 2.1104546278259760#9

(5, -1)(7, -3)vol= 1.423611900292825CS= -0.112565152046181H1= Z35Isom= D2length spectrum:multiplicitylengthtorsion10.3523715984106593-i 1.7555306580636763*20.7221944677176101-i 2.561604601083388620.8324780979472408+i 2.487159813103923310.9613222986604775+i 2.0832746891099856*11.2237734200522688-i 2.117541986472080321.7440957764400803-i 2.805618631069402221.7503932130104359-i 2.254993210832539521.8608290851883280+i 1.7943024301306726#10(3,2) vol= 1.440699006727365CS= -0.240060709461803H1= Z3Isom= D2length spectrum:multiplicitylengthtorsion10.3615215761199664+i 3.0518203522989750*10.7966230904490147+i 1.475059821997621521.2589722309329429+i 1.992992885638554211.2670535807636463-i 1.322707891492218211.6527923153487228+i 0.604555784317874221.7392943589048573+i 2.213810835222050021.9721776145120246-i 1.8248162737791342Table 2. Low-volume closed nonorientable hyperbolic 3-manifolds. Unlikethe results in Table 1, which are backed by extensive and careful computersearches, the manifolds in this table should be considered only tentative candidates for the smallest closed nonorientable hyperbolic 3-manifolds. Allhappen to be Dehn fillings on an apparent mutant of the Whitehead linkcomplement, denoted WLM. WLM is nonorientable but has an orientablecusp. The cusp shape is a 2:1 rectangle (i.e. its conformal invariant is 2i);the Dehn fillings in the table are expressed relative to the basis (short side,long side). Torsion values are given for orientation preserving geodesicsonly, since the notion of torsion does not apply to orientation reversing ones.Note that manifolds #8 and #9 have the same volume and first homologygroup as the cusped manifolds WL(4,1) and WL(4,-3) which are discussed atlength in [HMW].#1WLM(3, 1)vol= 2.029883212819307H1= ZIsom= Z2length spectrum:multiplicitylengthtorsion10.481211825059603411.0870701449957391+i 1.7227684498700903*31.443635475178810611.6628858910586211+i 2.392123788172313141.8317806070782301+i 2.349788267479197511.9649783751106262+i 1.7086915352390857#2WLM(1, 2)vol= 2.568970600936709H1= ZIsom= Z2length spectrum:multiplicitylengthtorsion10.6545044131847577+i 3.0440377289969229*10.755525844015586211.019533719443284321.3509265391467243+i 1.595746653208113321.571367734010197111.6774723007382255+i 2.448741672405642621.9587222861663571#3WLM(4, 1)vol= 2.666744783449060H1= Z + Z2Isom= Z2length spectrum:multiplicitylengthtorsion10.6329743192009473+i 1.3621796364857481*10.6584789484624083

11.146215834780588821.608635985578628921.6723527369735115+i 2.258704301110122111.7159328483907753+i 2.627681891174487911.9080635728244040+i 0.646088834090095021.9754368453872251#4WLM(3, 2)vol= 2.828122088330783H1= ZIsom= Z2length spectrum:multiplicitylengthtorsion10.5623991486459237+i 2.8154308852059061*10.621557341751116111.200162348484585821.5391837346884633+i 1.839576818363329211.7533180991533151+i 2.910704429464703621.766405340930183321.8646720252533484#5WLM(5, 1)vol= 2.989120282929485H1= ZIsom= Z2length spectrum:multiplicitylengthtorsion10.4234738239334289+i 1.1300530516785054*10.745320726860294611.031935868521862121.6201166033782924+i 2.194963305173079711.7377432516544678+i 2.765777382685027521.7672280816572518#6WLM(1, 3)vol= 3.148509826440728H1= ZIsom= Z2length spectrum:multiplicitylengthtorsion10.3169358116334042+i 2.0530607878187304*10.832743129650996210.931736213803772121.4451333651900341+i 1.807153302556522711.7423360741844900+i 2.801997574192428321.8844017437091807

#7WLM(5, 2)vol= 3.163963228883144H1= ZIsom= Z2length spectrum:multiplicitylengthtorsion10.3306355216310498+i 2.7451641826568332*10.715408739087662011.069469941865821921.5737804919308885+i 2.040609733894405511.7611378592250281+i 3.046184076560891221.9035091919294842#8WLM(6, 1)vol= 3.177293278600326H1= Z + Z4Isom= Z2length spectrum:multiplicitylengthtorsion10.3046889317180031+i 0.9653591080979228*10.792835630875438710.975829129214447821.5944792705564403+i 2.150288071936799211.7482859664020846+i 2.855698239573182421.8697359017008077#9WLM(2, 3)vol= 3.177293278600326H1= Z + Z4Isom= Z2length spectrum:multiplicitylengthtorsion10.3046889317180031+i 2.1762335454918704*10.792835630875438710.975829129214447821.4644960509912102+i 1.835360484340073811.7482859664020846+i 2.855698239573182421.8697359017008077#10WLM(4, 3)vol= 3.275871643943934H1= Z + Z2Isom= Z2length spectrum:multiplicitylengthtorsion10.2522612564171241+i 1.9456904341156199*10.7606180249800409

11.013419120991869121.5127001446969349+i 1.925718593531592211.7601756393679013+i 3.020991680511980421.9298219664372945Table 3. Hyperbolic 3-orbifolds. SnapPea uses the results of ⁄1 to computelength spectra for orbifolds as well as manifolds, but cannot in generalcompute the symmetry group of an orbifold. Here are length spectra forthree sample orbifolds. The symbol mI indicates that a geodesic istopologically a mirrored interval, not a circle. The length spectra fororbifolds #1 and #3 are shown to l = 2.0; for #2 it’s shown to l = 3.0.#1H3 / PSL(2, Z[i])(generators courtesy of Pat Callahan)multiplicitylengthtorsion20.9624236501192069+i 3.1415926535897932mI21.0612750619050356-i 2.2370357592874119mI21.0612750619050356+i 2.2370357592874119mI11.4657153519472905-i 1.3497776911720128mI11.4657153519472905+i 1.3497776911720128mI31.7627471740390861+i 3.1415926535897932mI21.8522660627003648-i 2.4427145278753667mI21.8522660627003648+i 2.4427145278753667mI#2mirrored regular ideal tetrahedronmultiplicitylengthtorsion32.1741402899914782+i 2.837648407439405962.389526434574218642.5876638829861831+i 1.758834256367787932.6339157938496334+i 0.0000000000000000mI62.9215632262264709+i 1.3817440905462071122.9932228461263809#3FigureEight(4, 0)multiplicitylengthtorsion10.8625546276620610-i 2.680673187849124810.8625546276620610+i 2.680673187849124811.0870701449957391-i 1.722768449870090311.0870701449957391+i 1.7227684498700903

21.2080566434549810-i 2.537249756998043121.2080566434549810+i 2.537249756998043111.6628858910586211-i 2.3921237881723131mI11.6628858910586210+i 2.3921237881723131mI11.7627471740390860+i 0.0000000000000000AcknowledgmentsThe first-named author’s work is partially supported by the AustralianResearch Council. The second-named author thanks the Geometry Center(NSF Science and Technology Research Center for Computation andVisualization of Geometric Structures) for its support.References[B]A. Beardon, The Geometry of Discrete Groups, Springer-Verlag,1983.[CR]P. Conner and F. Raymond, Manifolds with few periodichomeomorphisms, in: Lecture Notes Math. 299, Springer-Verlag(1972) 1-75.[EP]D. B. A. Epstein and R. Penner, Euclidean decompositions ofnoncompact hyperbolic manifolds, J. Diff. Geom. 27 (1988) 67-80.[HeW]S. Henry and J. Weeks, Symmetry groups of hyperbolic knots andlinks, J. Knot Theory and Its Ramifications, 1 (1992) 185-201.[HiW]M. Hildebrand and J. Weeks, A computer generated census ofcusped hyperbolic 3-manifolds, in: Computers and Mathematics,eds. E. Kaltofen and S. Watt, Springer-Verlag (1989) 53-59.[HMW]C. Hodgson, R. Meyerhoff and J. Weeks, Surgeries on theWhitehead link yield geometrically similar manifolds, in:TOPOLOGY 90, Proceedings of the Research Semester in LowDimensional Topology at Ohio State University, eds. B. Apanasov,W. Neumann, A. Reid and L. Siebenmann, de˚Gruyter Verlag(1992) 195-206.[HoW]C. Hodgson and J. Weeks, A computer generated census of closedhyperbolic 3-manifolds, in preparation.[K]S. Kojima, Isometry transformations of hyperbolic 3-manifolds,Topology Appl. 29 (1988) 297-307.

[M]E. Moln�r, On isometries of space forms, Colloquia MathematicaSocietatis J�nos Bolyai 56. Differential Geometry, Eger, Hungary,1989.[S]T. Sakai, Geodesic knots in hyperbolic 3-manifolds, Kobe J. Math.8 (1991) 81-87.[SW]M. Sakuma and J. Weeks, Canonical cell decompositions ofcusped hyperbolic n-manifolds, submitted to Geometriae Dedicata.[Th]W. Thurston, The Geometry and Topology of 3-Manifolds, lecturenotes, Princeton University, 1979.[W]J. Weeks, Convex hulls and isometries of cusped hyperbolic3-manifolds, Topology Appl. 52 (1993) 127-149.